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Let f ∈ k[X], X ⊂ AN an affine variety.
For p ∈ X, we had dpf ∈ mp/m

2
p[
∼= (TpX)∗] where,

dpf = (f − f(p)) (mod m2
p)

dp : k[x] → (mp/m
2
p) is a derivation!

Reason: fg−f(p)g(p) = (f−f(p))g+f(p)(g−g(p)) = (f − f(p))(g − g(p))︸ ︷︷ ︸
∈m2

p

+g(p)(f−

f(p)) + f(p)(g − g(p))
Thus, we can say:

dpf =

n∑
j=1

∂f

∂xj
(p) · dpxj

Remark. Viewing f : X → A1, we see that dpf = dpf : TpX → Tf(p)A1 ∼= k.
Since dpf is the linear dual of map.
Note that,

mf(p)

m2
f(p)

= k[(x− f(p))]
f∗

−→ mp

m2
p

x− f(p) 7→ (y 7→ f(y)− f(p))

[x− f(p)] 7→ [f − f(p)] = dpf

Hence, ∀p ∈ X, dpf ∈ mp/m
2
p∀f ∈ k[x].

Hence, fixing f ∈ k[x] and varying p,

p 7→ dpf ∈ mp/m
2
p

Now let X be any variety.
We obtain a function df : X →

⊔
p∈X mp/m

2
p =

⊔
p∈X(TpX)∗.

Consider Φ(X) =
{
φ : X →

⊔
p∈X T ∗

pX | φ(p) ∈ T ∗
pX∀p ∈ X

}
Lemma 1. Φ(X) is a k[X]-module.

Proof. Given g ∈ k[X], φ ∈ Φ(X), we define:

(g · φ)(p) := g(p)φ(p)

Check that this defines a k[X]-module structure.

Definition. A regular 1-form ω ∈ Φ(X) is an element such that ∀p ∈ X, ∃p ∈
U ⊂

open, affine
X such that ω

∣∣
U
is the k[U ]-submodule of Φ(U) generated by df, f ∈ k[U ].

Ω1[X] = {reg. 1-forms on X} ⊂
k[X]-submodule

Φ(X)

Examples: Ω1[An] =
⊕n

i=1 k[An] · dxi

Proof. ∀p ∈ An, recall that {dpx1, · · · , dpxn} is a basis of mp/m
2
p.

Hence, any φ ∈ Φ(An) can be written as
∑n

i=1 φi · dxi where φi ∈ Fun(An, k).
Then, if ω =

∑n
i=1 ωidxi ∈ Ω1[An], then ∀p ∈ An, ∃U ∋ p ⊂

open
An.

ω ∈ k[U ].{df | f ∈ k[U ]}.
Since df =

∑n
i=1

∂f
∂xi

· dxi,
f ∈ k[U ] =⇒ df ∈ df ∈

⊕n
i=1 k[U ].dxi

=⇒ ω ∈
⊕n

i=1 k[U ]. dxi ⇐⇒ ωi ∈ k[U ].
Since this holds ∀p ∈ An, ωi ∈ k[An].
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X ∈ P1,Ω1[X] = 0.

Proof. Note that P1 = A1
0︸︷︷︸

(x0=1)

∪ A1
1︸︷︷︸

(x1=1)

.

P1 = {(x0 : x1)}.
t = x1

x0
, u = x0

x1
.

By example 1, ω ∈ Ω1[X] =⇒ ω
∣∣
A1

0
∈ Ω1[A1

0] so ω
∣∣
A1

0
= p(t) · dt.

Similarly, ω
∣∣
A1

1
= q(u) · du.

For these to define ω ∈ Ω1[X] we require p(t)dt = q(u)du = q(1/t)−dt/t2 on Ω1[A1
0∩

A1
1] where ut = 1.

LHS is regular at 0.
RHS has a pole of order ≥ 2 at 0.
Thus this is only possible when p = q = 0.

Let X ⊂ P2 defined by ξ20 + ξ21 + ξ22 = 0.
Since X is projective, k[X] = k. Nevertheless, Ω1[X] ̸= 0!!

Proof. Let A2
0 = {ξ0 ̸= 0},A2

1 = {ξ1 ̸= 0},A2
2 = {ξ2 ̸= 0}

Let X = U01 ∪ U12 ∪ U13 where Uij = A2
i ∩ A2

j . Main idea: two of {ξ0, ξ1, ξ2} cannot
be zero!
We define:
U01 : x = ξ1

ξ0
, y = ξ2

ξ0
, φ = dy

x2 .

U12 : u = ξ2
ξ1
, v = ξ0

ξ1
, ψ = dv

u2 .

U02 : s = ξ0
ξ2
, t = ξ1

ξ2
, χ = dt

s2

On A2
0 ∩ A2

1 ∩ A2
2,= U01 ∩ U12 = U01 ∩ U02 = U12 ∩ U02, φ = ψ = χ.

Hence ∃ω ∈ Ω1[x] such that ω
∣∣
U01

= φ, ω
∣∣
U12

= ψ, ω
∣∣
U02

= χ.

Theorem 2. Let p ∈ X be nonsigunlar. Then ∃U ∋ p ⊂
affine open

X such that Ω1[U ]

is a free k[U ]-module of rank n = dimpX.

Proof. WLOG X ⊂
affine

An, X irreducible. Let aX = {F1, · · · , Fm}.
dimTpX = n = dimX.

Since TpX =
{
(a1, · · · , aN ) ∈ AN |

∑N
j=1

∂Fi

∂xj
(p)aj = 0

}
,

TpX = ker




∂F1

∂x1
(p) · · · ∂F1

∂xN
(p)

...
...

∂Fm

∂x1
(p) · · · ∂Fm

∂xN
(p)




Hence, rank(· · · ) = N − n.
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