Friday, 4/4/2025

Let f € k[X],X C AN an affine variety.

For p € X, we had d,f € m,/m2[=

(T, X)*] where,

dp

D k[z] —

(my/m2) is a derivation!

Reason: fg—f(p)g(p) =

f(p)+ f(p)(g—g(p)

Thus, we can say:

g(p)) +9(p)(f—

dpf = (f = f(p)) (mod m})
(f=F)g+f(p)(g—9(p) = (f — f(p)(g -
dpf = Z ~dpz;

Remark. Viewing f: X — Al, we see that d,f = d,f : T,X — Tf(p)Al %
Since dy, f is the linear dual of map.

k.

Note that,
m *m
19— k{(z - fp))] L T2
f(p) P
z—f(p) = (y— fly) — f(p))
[z = f)] = [f = flp)]=dpf
Hence, Vp € X, d,f € m,/m2Vf € k[z].
Hence, fixing f € k[z] and varying p,
p—dyf € mp/mg
Now ITet X be any variety.
We obtain a function df : X — | ],cx m,/m?2 = Upex (TpX)"

Consider ®(X) = {cp X = Upex TiX | o(p) € T;XVp € X}

Lemma 1. ®(X) is a k[X]-module.

Proof. Given g € k[X],¢ € ®(X), we define:

(9-9)(p) = 9(p)p(p)
Check that this defines a k[X]-module structure.

O

Definition. A regular 1-form w € ®(X) is an element such that Vp € X,3p €

U C

open, affine

Q'[X] = {reg. 1-forms on X} C

Examples: Q'[A"] = @],

kA

Proof. ¥p € A", recall that {dpz1,-- -,
Hence, any ¢ € ®(A™) can be written as >, ¢; - dz; where ¢; € Fun(A"™, k).

P(X)
k[X]-submodule

dp,} is a basis of my,/m?,

Then, if w = """ | w;dz; € Q'[A"], then Vp € A", 3U 5p C A"

w € KU/ | f € k[UT)-
Since df = Y"1, Ow -dx;,

open

fEkU] = df edf € B, k[U].dz;

= wed,,

Since this holds Vp € A™, w; € k[A™].

EK[U]. dz; <= w; € k[U].

X such that w‘U is the k[U]-submodule of ®(U) generated by df, f € k[U].



X ePLQYX]=0.
Proof. Note that P! = A} U A] .

~ =~
(wo=1) (z1=1)
]Pﬂ = {({L‘O : xl)}

— I
t="=L u==2.
o Xy

By example 1, w € Q'[X] = w|,, € W'[A}] so w|,, = p(t) - dt.
0 ()

Similarly, UJ‘AI = q(u) - du.

1
For these to define w € Q[ X] we require p(t)dt = q(u)du = q(1/t) —dt/t?> on QAL N
Al] where ut = 1.
LHS is regular at 0.
RHS has a pole of order > 2 at 0.
Thus this is only possible when p = ¢ = 0.

Let X C P? defined by &2 + &2 4+ ¢2 = 0.
Since X is projective, k[X] = k. Nevertheless, Q'[X] # 0!!

Proof. Let AZ = {& # 0},A2 = {¢& # 0}, A2 = {& # 0}

Let X = Up; U U2 U Uyz where U;; = AZ N A?. Main idea: two of {&y,&1, &2} cannot
be zero!

We define:
U011$:%,y:%’<ﬂ:%}-

Ulgi’ll,:% ’U:{*O,’l/):@.

IS &1 u?
Uog:s:g—g,tz%,ng—g
OnA%ﬂA%ﬂA%,: UOlﬂUlQ:U()lmU[)Q:UlQﬁUOQ,QO:w:X.
Hence 3w € Q![z] such that w|U01 =, w‘Ulz =1, w’UOQ = X. O

Theorem 2. Let p € X be nonsigunlar. Then 3U 5 p  C X such that Q![U]

affine open
is a free k[U]-module of rank n = dim, X.

Proof. WLOG X C A™ X irreducible. Let ax = {F1, -+, F,}.

affine

dimT,X =n = dim X.
Since T,X = { (a1, ,an) € AV | ), 8 (p)a; = 0},

j:l 8{1:]'
Fp) - H=(p)
T,X = ker
E N )
Hence, rank(---) = N — n. O



